Abstract. We establish the existence of global in time weak solutions to the initial-boundary value problem related to the dynamics of coherent solid-solid phase transitions in viscoelasticity. The class of the stored energy functionals includes the double well potential, and a general convolution damping term is considered.
Introduction
We establish the existence of global in time weak solutions to the initial-boundary value problem related to the dynamics of coherent solid-solid phase transitions in viscoelasticity. A hyperelastic material is one for which the Piola-Kirchhoff stress tensor is given by ∂W (∇u) where u is the displacement vector and W the stored energy function. On the other hand, experience shows that the stress in certain viscoelastic media can depend not only on the present value of strain but on the temporal history of the dynamical process. Under these circumstances, the equations of motion can be written in the form Ball et al. [1] proposed a one dimensional analogue of (1.1) with the convolution term replaced by the instantaneous damping −u xxt as a simple model that should display the dynamical development of fine structure observed in various crystalline solids. The stored energy function W is typically a non-convex double well potential but we consider a more general situation: Note that the above hypotheses allow for the power-like stress-strain relation given by the stored energy function
where E stands for the (linearized) strain tensor
The condition (1.6) ensures "boundedness from below" of the second differential ∂ 2 W as required by the technique of the existence proof. The constitutive law (1.7) includes, of course, some physically relevant materials, in particular, the St. Venant-Kirchhoff material. On the other hand, most of the polyconvex stored energy functions arising in hyperelasticity like the Ogden material are not compatible with our hypotheses because they must be singular for det F → 0. Also their second differential is usually not bounded from below as required by (1.6) (see e.g. Ciarlet [2, Chapters 3, 4] ).
The problem with instantaneous damping can be viewed as a particular case of (1.1) where the kernel k is taken the Dirac mass at zero and L k,l i,j = δ i,k δ j,l . What makes this problem interesting is that it possesses a Lyapunov function -the free energy
which favours formation of finer and finer phase mixtures. These are minimizing sequences converging weakly but not strongly to zero in the Sobolev space W
. The existence of globally defined solutions to this problem was established by Pego [13] in the case M = N = 1 and Rybka [16] in the multidimensional setting. Both results make use of the transformation introduced in [13] and the technical difficulties of this approach result in rather severe hypotheses imposed on the free energy potential W in [16] . More recently, Friesecke and Dolzmann [7] used a completely different technique based on implicit time discretization to generalize the existence result of Rybka [16] to a rather general class of potentials which, however, does not include the physically relevant case (1.7). They also allow for a general viscosity term −div(L i,j ∇u t ).
From the possible applications point of view, however, the model with instantaneous damping exhibits a striking difference between statics and dynamics conjectured by Ball et al. [1] and confirmed by Friesecke and McLeod [8] : While the static picture predicts infinitely many fine patterns minimizing the energy, the solutions of the evolution equation develop patterns of possibly small but still finite length scale. Moreover, the instantaneous damping prevents propagation of singularities (see Rybka [17] ) which puts yet another question of applicability of this model to the dynamic formation of microstructures.
Probably the most natural explanation why the dynamic fails to realize the global minimizing sequences is the parabolic character of (1.1) with instantaneous damping. From the mathematical point of view, it is obvious one has to introduce a dissipative term to make the problem tractable by existing analytical methods. However, the dissipation mechanism induced by the instantaneous damping seems unnecessarily strong. For instance, the static picture of transition layers (cf. [8] , [17] ) seems inherent to parabolic problems with dominating diffusion terms not shared by the problems with regularizing interfacial energy as the Allen-Cahn or Cahn-Hilliard equations.
The presence of a genuine convolution type damping term, i.e., the kernel k is a nonincreasing locally integrable function on [0, ∞), renders the equation (1.1) a problem of different character. For simplicity, we restrict ourselves to the case (1.8) related to the problems with fractional time derivatives discussed by Fašangová and Prüss [6] , Clément et al. [3] and others. Indeed taking the Fourier transform of k (we tacitly assume k ≡ 0 on (−∞, 0)), we have
which gives some sense to the commonly used notation k * v t = ∂ 1−α t v. Accordingly, the resulting problem is a mathematical idealization of the intermediate level between parabolic and hyperbolic equations close to the former for α → 0 and resembling the latter when α → 1.
Taking the scalar product of (1.1) with u t and integrating by parts produces (formally) the energy equality
Now, we want the bilinear form
to be a scalar product on the space W M but we shall make no distinction between the scalar and vector function space notation in what follows). To this end, we shall assume the ellipticity condition
Typically, one takes
i.e., the symmetric part of the linearized strain. Due to the presence of the memory term, the equation does not generate a semiflow in the natural energy space and the energy is in general not decreasing along trajectories. However, one can integrate (1.9) with respect to time to produce the term
which is dissipative. More precisely, the kernel k happens to be of positive type (see e.g. Gripenberg et al. [10] ) and one has
where the kernel a is given by the formula
The problem (1.1) -(1.3) was studied by Engler [5] and Petzeltová and Prüss [14] , the space dimension N and the number of equations M being reduced to one in both cases. They obtained strong and globally defined solutions provided the growth rate of the stored energy function W and the order 1 − α of the fractional derivative appearing in the damping term were suitably related. In particular, the problem in one space dimension possesses a globally defined solution for any W (F ) ≈ |F | p provided α < 1/3 (cf. [5] , [14] ). As we will show in Theorem 1.1 below, this hypothesis is far from being optimal even in several space dimensions provided N ≤ 3.
In contrast to the scalar case posed on an open spatial interval, the problem in several space dimensions has as yet largely withstood a successful mathematical treatment though some related results for linear equations were obtained by Engler [5] .
In order to formulate our main result, we need some growth conditions imposed on the lower order terms represented by the potential G. Being aware that the only application we have in mind is G(u) = 1/2|u| 2 (cf. Ball et al. [1] ), we suppose
Having collected all the necessary hypotheses we can now give a precise statement of the existence theorem proved in this paper. 4) -(1.6), the kernel k is given by (1.8) , the ellipticity condition (1.11) holds for L i,j , and G is as in (1.14) .
Finally, we suppose
Then given a time T > 0 and the initial data
and the equation
Moreover, the quantity a * u t , where the kernel a is given by (1.13), belongs to
0 (Ω)), and the energy inequality
Outside the inevitable energy estimates (see Section 2), our approach hinges on two crucial properties of any family {u n } of solutions of the problem:
, and the time propagation (or rather non-propagation) of singularities in the strain tensor ∇u n (Section 5). Note that the latter property was observed for the problem with instantaneous damping by Friesecke and Dolzmann [7] . However, the technique of the implicit time discretization used in [7] is hard to apply in our setting due to the presence of the memory term. Instead, we shall use the approach based on careful analysis of the defect measure
where ∇u is a (weak) limit of ∇u n . To show compactness of the sequence {u n t }, we use a modification of the LionsAubin lemma (see Proposition 3.1) which may be of independent interest.
To conclude this introduction, let us remark that our approach applies directly to the problem with instantaneous damping (k -the Dirac mass at zero), and, consequently, it generalizes and considerably simplifies the proof of the existence result in [7] . In particular, the hypothesis (1.5) is not necessary in this case.
Energy estimates
We derive a priori estimates for any sequence {u n } of (classical) solutions of the problem (1.1)-(1.3) on the time interval (0, ∞) based on the energy equality (1.9). From the hypotheses (1.4), (1.12), (1.14) it follows that 
Proof. To begin, note that v ∈ C([0, T ]; X weak ) so (2.7) makes sense. In accordance with (2.6), there is a function w ∈ W − α 2 ,2 (R; X) such that
Consequently, we have
where
the relation (2.7) follows from (2.8) by direct computation.
From (2.5) and uniform boundedness of the energy we get
where V is the convex function from (1.6).
At this stage we need the following assertion.
Lemma 2.2. Under the hypotheses (1.4)-(1.6), we have
Proof. In view of (1.5), we get
As V is convex, one has
and the desired conclusion follows.
As a straightforward consequence of Lemma 2.2 and (2.9), we get
The next step is to take the scalar product of (1.1) with u n . After a straightforward computation, we obtain
where the right-hand side is bounded by virtue of the estimates (2.1), (2.3), (2.5). Note, in particular, that (2.3), (2.5) imply
Thus the right-hand side of (2.11) is bounded and, consequently,
Since we have
where V * is the convex conjugate function, we deduce, by virtue of (2.13),
A compactness result
The most important property of the energy estimates presented above is that they ensure compactness of the time derivatives {u
. Such a property for the system with instantaneous damping term follows directly from Lions-Aubin lemma. 
Consider the Hilbert space
X = v v ∈ L 2 (0, T ; Z) ∩ W − α 2 ,2 (0, T ; X), v t ∈ L 2 (0, T ; Z) for 0 < α < 1. Then X → L 2 (0, T ; [X, Z] θ )
Proof. We have
It is well-known that
Consequently, under the assumptions and notation of Section 2, we have
Now, we can apply Proposition 3.1 to the sequence {u n t } with the choice
Seeing that
which is precisely the hypothesis (1.15).
Approximations and compactness
The a priori estimates derived in Section 2 are perfectly compatible with the Faedo-Galerkin approximation scheme. More specifically, we consider a sequence of finite-dimensional spaces
M | φ i the eigenfunctions of the operator − ∆ on Ω with the zero Dirichlet boundary conditions}.
Since both W and G are twice continuously differentiable, we can use [9, Chapter 5, Theorem 2.1] to construct a sequence of approximate solutions
where, in general,
However, rewriting (4.1) as
and choosing ϕ = u n t , we obtain the energy inequality
In particular, one has
and, consequently, one can continue the solution u n up to T (n) = ∞. The functions u n 0 , u n 1 are chosen so that
(4.5)
Taking ϕ = u n in (4.3) yields (2.11) and, consequently, all the energy estimates derived formally in Section 2 hold for the sequence of the approximate solutions u n . Moreover, as (3.1) follows from the special choice of the basis {φ i } we have (3.2) as well. Accordingly, passing to the limit for n → ∞ and considering subsequences if necessary, we have Next, we let n → ∞ in (4.3) to deduce
It follows by a simple density argument that (4.11) holds for any test function ϕ such that
In particular, one has,
Moreover, u, u t satisfy the initial conditions (1.16). Thus our ultimate goal is to show
which will complete the proof of Theorem 1.1. This will be done in the last section.
Strong convergence of the gradients
Our aim is to show strong convergence of the gradients ∇u n in the sequence of approximate solutions, more specifically,
The main idea is similar to that of Friesecke and Dolzmann [7] , namely, that oscillations in ∇u n cannot occur unless they were present in the initial data. Note however that the technique of the implicit time discretization does not seem to be applicable here because of the non-local character of the dissipative term. Our approach is based on the concept of defect measure and it is rather versatile in the sense it can be applied to the problems with instantaneous damping as well. Moreover, it is compatible with any approximation scheme of Faedo-Galerkin type as well as with the methods based on vanishing viscosity or capillarity.
We introduce the defect measure 
where the symbol , stands for the scalar product in X.
A straightforward computation yields the identity (cf. [10, Chapter 18, Lemma (ii) Now, letting δ → 0 we deduce from (5.4) that
which enables us to pass to the limit in (5.2) to deduce the desired conclusion. Obviously, (5.9) holds for n = 1. Assuming (5.9) for n ≥ 1 we take τ = (n + 1)τ 0 in (5.8) to obtain 
